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ON BEHAVIOR OF TWO-DIMENSIONAL NON-PLANE PARALLEL TURBULENT FLOWS
OF INVISCID GAS™

A,N. KRAIKO

The time behavior of two-dimensional flows of inviscid gas in which the velocity
component normal to the plane of independent variables and the vorticity components
parallel to this plane are different from zexc, is investigated. Equations of such
flows form two different subsystems. The first subsystem describes a plane parallel
("primary”) flow without the third velocity component, and is independent of the
second subsystem consisting of a single equation for the third velocity component
and determining the "secondary" flow. The flows are analyzed with sufficient detail
without using numsrical integration which carries with it unavcidable errors, and
without linearization, both of which are employed to a lesser or greater degree in
the study of the evolution of vortical structures {see /l1—6/}.

At the same time, the simplicity of the flows in guestion makes it easy to demenstrate
the apparently very general, although not at all obvious properties of such a "determinate"”
system as the system of Euler equations. Such properties include the unlimited growth of
vorticity, the appearance of tangential discontinuities not caused by the intersection of the
shock waves, and "poor predictability® /4/. The above properties, which appear no matter how
smooth the initial distributions, are connected with the kinematics of the fluid filaments.

Three types of primary flows are considered. Those depending on two coordinates =z and
y and on time ¢; the cne-dimensional nonstationary flows depending on z and ¢ but having two
velocity components, and two-dimensional stationary flows dependingon # and y only. The second~-
ary flow (third velocity component) always dependson z, ¥ and ¢ Inthe first case an approach
developed in /7/ is used to show the unlimited growth of vorticity along certain trajectories be-
longing to the flow boundary. For a plane parallel flow of an incompressible fluid an analogous
result is established in /7/ for the gradient of the unique component of vorticity, andin the case
of a three~dimensional flow for the vortex itself, although under the condition that the particle
trajectory is rectilinear and belongs to the planeboundary. If the primary flow isone~dimensional
or stationary, then the finite relationships obtainedbelow describe the evolution of the vorticity
(in this case its unlimited growthwith ¢-wco) for the whole flow. An example showing the appearance
of a tangential discontinuity is constructed fora stationary primary flow. In addition, a flow is
constructed with arbitrarily smooth initial data, inwhich any three-dimensional moments (correla-
tion functions) are different from zero only on the sets with zero measure.

1. Let g denote the velocity vector, p the density and p the pressure of the gas, and
F the external mass force. Then the equation of motion of an inviscid compressible or in-
compressible medium will have the form

dg/dt = —pWp + F (d/dt = d|dt + qV) (1.1)
where d/dt denotes the total derivative in f{ along the trajectory of gas particles, If F =
—VU, i.e. if the force is potential and the medium is two-parameter and, as in the case of

thermodynamic equilibrium Tds=di — {1/} dp where T is the absolute temperature, s is the
specific entropy and § specific enthalpy, then {(1.1) can be rewrittenin the form

dq |0t —q X @ = TVs — VI (1.2)
@=VXxqdA=2i+¢+U.g=Iql
Taking the operation rot of (1.2}, we arrive at the Helmholz equation in the form
dejdt = VI x Vs 4+ (V) g — &¥q {1.3}

The equations (1.1)— {1.3) hold even when no longer dependent on the concrete form of the
energy equation. Moreover, even the passage to the equation

do /dt = (@V) q — oVyg (1.4)

*Prikl.Matem.Mekhan. ,46,No.6,pp.372-978,1982

780



781

which from now on will replace (1.3), does not impose sufficiently rigid restrictions on the
form of the energy equation. Indeed,replacing (1.3) by (1.4) is valid for any "barotropic"
flows the realization of which by no means requires the necessary absence {(together with the
viscosity) of heat conductivity and other dissipative processes. Thus the equation {1.4) holds
for the isothermal flows realized, in contrast, in the presence of an intense supply (or
removal) of heat. For an incompressible fluid, (l1.4) with Vq =0 represents the result of
(L.1) in the presence of an external potential force. In the case of collisionless flows of
perfect (inviscid and non-~heat conducting) gas, their isentropic character and equation (1.4)
are the natural consequences of the energy equation and the homogeneous initial fields of s.

We restrict the further analysis to the two-dimensional, non-plane parallel flows the
all parameters of which are independent of the coordinate z of the Cartesian ryz -coordinate
system. If u, v and w are the projections of ¢ on its axes and o, ©, and @, the analogous
components of @, then we have for such flows

Wy = 0w [y, @, = 0w [dzx, 0, = 0v/dz— du/ dy (1.5)

Let V denote the projection of g on the sy -plane. Since w is independent of z, it follows
that Vg =VV and the complete equation of continuity is reduce to the equation of continuity
for the primary plane parallel flow, i.e.

dp/dt + pVq=dp/dt +pVV =0 (1.6)

The passage from the first to the second version of (1.6) represents one of the prerequisites
which make possible the decomposition of the flow into the primary and the secondary subflow.
The previous premises come to the absence of w in the energy eguation {this is the case of
the perfect gas) and to the independence on w of the projections F. and F, of the force F on
the axes Z and y. Finally, F is independent of z in the flows considered, and the equation
describing the secondary flow, i.e. the projection of (1.1l) on the z-~axis, has the form

dw [dt = F, (L.7)
When F, =0, (1.7) implies that w is preserved in the particle.

2, First we shall see how @ varies along the trajectories lying on the fixed impermeable
boundaries. To do this we introduce, at every point of the boundary, a set of three unit vec-
tors t,m, andk where k is collinear with the z-axis, T is tangent to the boundary {the
directions of ¢ and Vcoincide) and n is normal to the boundary. We denote the projections
cf @won t andn by ®w; and @,. The equation of continuity /1.6/ in the variables 1n assumes
the form

Vq=VV =0V /4t -+ Va8 / 8n = —p~dp / dt

where V = |V | and 4 is the angle between V and the z-axis. Taking this into account, we
cbtain from (1.4) the following equations:
dog [ dt = 08V 81 + (0 /fp)dp [ dt + o, VK — @,) (2.1)

dog [ dt = —0ydV | d%, de, [ dt = (0, ] p) dp / dt

where K = (86 / 91),., is the curvature of the boundary. The last equation yields the known
integral

@ = 090 / Po (2.2)

in which the index zeroc denotes the guantities at the point at which the particle was present
at ¢ = 0. According to (2.2) the vorticity of the primary flow is independent, as it should
be, of the secondary flow. 1In contrast, the vorticity of the secondary flow depends on the
parameters of the primary flow.

Let us combine the first equation of (2.1) multiplied by ,, with the second equation
multiplied by ®. and then use the equation of continuity to eliminate VV = 8V /9t + Voo / on,
while from the equation (2.2) to eliminate .@,. This yields

d { oo VK [P
() =oa (1=28F—32) @

in which X is defined in terms of the parameters of the primary flow. Let us assume that %
never vanishes along the trajectories under consideration. This will be true when Wy 5= 0,
e.g. on the plane boundaries where X — () and y = const, and not only on these boundaries. In
such cases we can write (2.3) in the form

difgyjdt=F, f=0V{t] g={(ocsign/Vixh (2.4)

The components ¢ and w,, connected with @, and @, by the equations
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0y = oy cost + o, sin ¥, 0,=w0,cos% — 0, sin &

characterize, according to (1.5), the vorticity of the secondary flow. Since this flow does
not affect the primary flow, it follows that the initial (at ¢ = 0) distribution w (z, y, 0) =
w, (2, y)» and as a result the values o and w,e at the initial point of the trajectory do
not affect 3 and p along this trajectory. Choosing the function w,(z,y) arbitrarily, we
choose it such that the product f,g, = wyyw,, (3ign %)/ P is positive at the initial point. Then
by virtue of the lemma proved in /7/, f* + g? and hence (for 0 <|y|<< N<C oo which holds,
as a rule) .® + w,?, grows indefinitely as t-—» oo. Since in the cases already considered
the trajectory is curvilinear for V ==const even when K = (0, it follows that the situation
described here differs from the example in /7/ where we have a rectilinear trajectory on a
flat wall.

3. If the primary flow with z and v different from zero is one-dimensional, i.e. all its
parameter are functions of x and { only, then the variation in ® can be easily followed for
all particles and not only for those moving along the impermeable boundaries. Indeed, let
w =w (z, ¥, t) and the remaining parameters be independent of y. By virtue of (1.1} this means,
in particular, that F, and Fy are independent of y although F, may be a function of y also.
Restricting ourselves to the case of potential force we find, in accordance with (1.4) and
(1.6), that for the one-dimensional primary flow

dox/dt =0, do,/dt = 0x0, + (0, /p)dp/dt
and o, satisfies (2.2). This implies that

Op = Oxg Oy = (Oyg + Wxgy0t) P/ Po (3.1)

The first of the equations obtained becomes obvious by considering an elementary fluid
area S belonging, at ¢t =0, to some plane z =gz, In the flow in question such an area ele-
ment remains flat and retains the orientation of the noxmal, and its area, although it changes
its form. This, and the invariance of the circulation along the contour §, together yield
the first equation of (3.1). According to (3.1) and (2.2), w, and @, in the particle are
bounded in the case of a one-dimensional primary flow, ( ®, | increases proportionally to p)and
|, | increases with t for wmue, 7 0 almost linearly (with the accuracy of up to the varia-
tion in p).

4, Let us now assume that the primary flow is plane parallel and stationary. Then every
of its streamlines can be regarded as an impermeable boundary for which the equations (2.1)—
(2.4) hold and imply the unbounded growth of |@ | with ¢ when wrw,, sign ¥ > 0. Moreover, in
this case as in Sect. 3, we can derive explicit formulas which yield, together with (2.2), the
description of the variation in all components of the vorticity along the particle trajectory.
Indeed, by virtue of the stationary character of the primary flow AV /ot =@V/d)/V, and
this enables us to integrate, first the second equation of (2.1), and then use this integral
and (2.2) to integrate the first equation of (2.1). As a result we obtain

T
o k]
@, =0,V /V, w1=[ﬁ7‘:)—+mnoVoS—’%;%dr]pV (4.1)

To

Here j is the same as in (2.3), with its first term depending on v in ) and the second term
on 7, The first equation of (4.1) can also be obtained by considering, as analogy in Sect.
3, the kinematic of the elementary fluid area element of the primary flow. Since the depend-
ence of t on 1 is given in this case by the equation

T
b dt (4.2)
TV
To

and all parameters of the primary flow are known functions of 17, it follows that (2.2), (4.1)
and (4.2) together describe the evolution, in time, of all components of the vorticity. Thus
®, increases without bounds only on the streamlines arriving at the critical points near which
V(t)y=V, — a(t —Ty) with the positive constant «. According to (4.2) and (4.1) we have here
V &= Vet , and

Op R Opoe®™, @r = —(0no®y0 / (20)) € (4.3)

The accuracy of (4.3) increases with increasing ¢ and with the approach of the initial point
towards the critical point.

In the general case w; is a very complicated function of ¢. However if, as it happens
in most cases, the integral in (4.1) diverges as T - oo, then | w; | grows without bounds as
t — oo , although not necessarily monotonously. Here the sign constancy of % is not required,
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although it formed a necessary element of the proof carried out in Sect.2.
As an example we shall show how o, varies along the trajectories which correspond to the
closed streamlines without critical points. We can write {(4.1) for them in the form

G ()= {F (m) + @ ()R () (4.4)
:0
n=[t/T), ©=t—nl, R=pV, O) =a,V, S #z_g_o_i_ e
0

F (n) = @y / Ro 4+ n® (I

Here T is the period (time of a single circuit along the streamline), [ denotes the integral
part of f, the relation connecting ¥ with ¢, following from (4.2), is assumed known (in
{4.4) it is sufficient to know this connection for a single period). The curly brackets con-
tain the sum of the step function F and the discontinuous function ® periodic in ¢. The
discontinuities in ¢ caused by the step-wise decrease in the value of # from T to O at the
end of every period in t, are compensated by the jumps in F, As a result, the sum within
the curly brackets yields a continuous function of t which executes periodic oscillations ab-
out the straight line o = F{t/T). The continous t-periodic function R does not bring funda-
mental changes in the behavior of w,{f), and acts as a modulating multiplier, For the trans-
lational flow with shear, a flow induced in an unbounded space by a single vortex filament
and for a Couette flow between coaxial rotating cylinders (as we know , this flow satisfies
the Euler equations), the "primary” parameters on each streamline are constant. Here we have,
by virtue of (4.1) and (4.2),

Wy (1) = @igg + @no (QVK — t)ot

with o, and @, unchanged in accordance with (2.2} and (4.1}.

5. The unlimited growth of vorticity, i.e. of the derivatives of the velocity vector
components, indicates the possibility of appearance of tangential discontinuities in the in-
itially arbitrarily smooth liquid or gas flows, and demonstrates the “poor predictability" of
the nonstationary vortical flows. Using the two-dimensional non-~plane parallel flows we con-
struct examples illustrating the properties in question more clearly than in Sect.,2—4,

We begin the appearance of a tangential discontinuity. We take as the primary flow the
plane parallel stationary attached flow past a sufficiently arbitrary nonsymmetric two-dimen-—
sional body immersed in a uniform incoming stream at F=0. If the particles in such a flow
were to pass from the leading stagnation point to the trailing stagnation point along the
upper and lower generatrix in different, finite times ¢, and ., then the tangential discon-
tinuity at we (z,y) #~ const would appear behind the body after a finite period of time. This is
obvious, since at F=0, w is retained by the particle according to (1.7), and with the times

t;, different and finite, the particles possessing different w in the incoming flow would
encounter each other behind the body after a finite time. The body can be replaced by a
cylindrical "bubble". In the flow past this bubble, which could be symmetrical, the tangent-
ial discontinuity with finite ¢, would appear after a finite time at the boundary streamline
of the bubble (the particles from the incoming flow do not penetrate the interior of the bub-
ble).

The finite character of the times t, which played such an important part in the above
discussion does not manifest itself in practice. Therefore at any ¢« oo the discontinuity w
is replaced in the sbove cases by a transitional layer of thickness 4, the thickness rapidly
decreasing to zero as t-eo0, According to {(4.2) we have in a flow pass a body or a staticnary
bubble 8 ~ ;= where the positive constants « determine, as in (4.3), the velocity field of
the primary flow near the critical points.

Let us now construct a flow for which the spatial moments (correlation functions) charact-
erizing in some sense the degree of order (or the lack of it) in the nonstationary flow can
be calculated very simply. We take as the primary flow the stationary Couette flow between
two coaxial cylinders of radius r. and », respectively, with 0<r.<# o, The streamlines
is such a flow satisfying, as we said before, the Euler equations, are concentric circles,
and when p=const, the only velocity component (peripheral) is V=V {)=4r+ B! where r is
the radial varxiable in the polar rg coordinates in the plane of flow with the origin on the
axis of the cylinders, while 4 and B are constants related to the rates of rotation of the
cylinders. In what follows, the only important aspects are the facts that v is a function of
r only, and the angular velocity Q= V/rg=const. Let wy(r,¢) be the initial distribution of w.
Then from (1.7) with Fg=0 we find that in the present case

wir, Q) =w (r, o — Q1) {5.1)

Since wy is a 2rx-periodic function of the second argument, then by virtue of (5.1) the follow-
ing formula holds for the mean value <w) = W:
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t
) 1 1 b1
W(r, ) =}_'£T S w{r, @) di° = by (r) = 5 S we(r: 9) do
[} [}
where p, is the zero coefficient of the expansion of we(r,9) into a Fourier series in ¢. This,
together with (5.1), yields the following expression for the nonstationary part of w, i.e.
for the pulsation w' =w-—-W:

w (r, @,t) =2(an(r)sinn((p—Qt)-f—b"(r)cosn(q:—szt)} (5.2)
n=1
2% 25
i . 1 ¢
an(r)=—z-;3 wo (r, @) sinngdy, b (r =-FS wy (r ¢) cos np do
[ 0

Let us take in the rp -plane two points, M and M°, with coordinates r,¢ and /°, ¢° re-
sepectively, and let us find a two-point moment (correlation function) of second order, de-
pending also on the temporal shear r and equal, by definition, to

1
1
B, (M, M° 1) = }im - S w' (ry @, )W (r°, 9%t +1)dt
0

—+00

Substituting here the expressions (5.2) for the pulsations, multiplying and calculating the
integral, we obtain
2By = 3 [(an° + bubi®) €08 O -+ (@nbi® — bnes®) sin ®7] + (5.3
Z [(bnbi® — anar®) cos D* + (anby® + bnar®) sin O+)
(@F = ng & ke° T k1)

Here a,, by, @ are the same functions of r as in (5.2), while g«°, b°, Q° are the same functions
of °, and the sums are taken over the positive integers» and &, which satisfy, for the given
r and r°, the conditions

nQP)FEE)=0 (5.4)

where the minus (plus) sign corresponds to the first (second) sum in (5.3).

Let the point M be fixed. Then B,, will be a function of M° and * only. Moreover, since
the summation in (5.3) is carried out not over all positive integral » and &, but only over
those satisfying (5.4), it follows that for a fixed r the moment B,, =0 almost everywhere in
the annulus r.<{r°<r,. The exception is the set of null measure representing a collection of
circles on which the ratic of the angular velocities Q (n/Q(°) = *+n/k as well as the corres-
ponding coefficents in the expansion (5.2), are not zero. If, e.g. the angular velocity @
does not change its sign when r_<r<r, and wo(r, )= bo(r) -+ a; (r)sin@ + b (r)cos @, then B,,+0
only on the circle  =r. Analogous results are obtained for the two-point, three-point, etc.
moments of not only the second, but also of the higher orders.

We emphasise that the latter by no means implies the chaotic (turbulent) character of
the flow in question, and even of the fields w’. 1In fact, the primary flow in the above ex-
ample is laminar in the usual sense, the dependence of »' on the coordinates and time is by
virtue of (5.1) fully determined, and the trajectory of each particle is a spiral line. We
note that if the primary flow is stationary, here as well as in Sect.4, then the complete and
the linearized (with reference to the stationary flow) equations for ,, @, and ¢y or for wr
and op do not differ from each other, and w can always be regarded as a "label" which identi-
fies the particles like a spot of dye. The only difference lies in the fact that the dye
concentration must be sufficiently low so as not to affect the density of the medium, while
the quantity » in all flows in question satisfying the complete Euler equations can be of
arbitrary magnitude.

Notwithstanding the latter remarks, the results obtained, and above all, the almost
identical equality to zero of the correlation functions demonstrate without any doubt the com-
plexity of themotion of the liquid particles. Even greater complexity will be observedif the plane
parallel vortical nonstationary flow, induced e.g. by several vortex filaments, is taken as
the primary flow (the filaments themselves are very complicated /1,2/) although even here the
secondary flow does not affect the primary flow. It is therefore difficult even to imagine
how great a chaos will result in the analogous situation for the general, three-dimensional
case when nonlinear effects caused by mutual twisting of vortex tubes about each other begin
to manifest themselves /8/. Another sourse of the chaotic behavior will, in any case, be
the instability of the resulting flows with respect to the small, uncontrolled perturbations,
their influence increasing, as a rule, with the evolution of the flow. Indeed, even in the
last example when the initial profile of w, over r is arbitrary, an arbitrarily large number
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of the points of inflection form with increasing t.

The viscosity, no matter how small, exerts a smoothing effect /9,10/ by interfering with
the unlimited growth of the derivatives. We shall show how it happens in a gap of height k=
r, —r- between two rotating cylinders at Re;=Q.r9/v>4 and Re,=Q,k*/v> 1 where v is the
kinematic viscosity. Analysis of the development of such a flow within the framewosk of the

Navier—Stokes equations shows that at first the influence of the viscosity is practically
nil. Later its effect manifests itself in two stages. 1In the first stage the distribution
of w becomes axisymmetric with we=<W (r) everywhere outside the thin laminary layer next to
the walls,i.e. with the z-component of the momentum of each cylindrical layer r= const pre-
served. The controlling parameter at this stage is the time of evolution of the first har-
monic of the expansion (5.2)

= (3/v)/%aQ / dr)7

The peripheral nonuniformity vanishes completely when (¢/#)® 3> 4, although the higher harmonics
decay more rapidly already when (¢/ 42> n3 When (i/4°%<€n?, the viscosity outside the bound-
ary layers does not affect the harmonics up to and including the n»-th order. The viscosity
begins to affect the axisymmetric flow with w=~W ()50 strongly, at the time commensurable
with #= 4/ (vA*) where A is a constant of the order of unity (A=~24 for h/r,=1 and A== for
h/r,=0). When ¢/t>1, the velocity component wZ& W (). Since
ty/ 8y = B3 (AR / dr),Y w23 ~ (Rey)/

it follows that at Re;>1 the flow, after smoothing the peripheral inhomogeneity, is practic-
ally unaffected by the viscosity for a very long time over almost the whole gap.

The mechanism of the decay of w described above presupposes the stability of the flow.
If the solution (5.1) is found to be unstable already at t<{t; (which is perfectly possible)
then its evolution will be different.

The author thanks V.R. Kyznetsov for discussion and the advice and V.I. Iudovich for an
estimate the research.
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